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Abstract
We prove that a connected vertex-transitive graph G with degree k > 2 and girth g > 4 is super
restricted edge-connected, that is, if F is a set of 2k − 2 edges of G such that G− F is disconnected
and every component ofG−F has at least two vertices, then F is the set of edges adjacent to a certain
edge in G. We also show that neither the condition k > 2 nor g > 4 can be weakened.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
We follow [2] for graph terminology and notation not deﬁned in this paper. G= (V ,E)
stands for a ﬁnite, simple undirected graph with vertex-set V and edge-set E. Let  and  be
the edge-connectivity and the minimum vertex-degree of G, respectively. It is well-known
that
.
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If  = , then G is said to be maximally edge-connected. G is said to be vertex-transitive
if for any two vertices x and y in G there is an automorphism  of G such that y = (x).
Mader [8] proved the following beautiful result
Theorem A. All connected vertex-transitive graphs are maximally edge-connected.
The problem of exploring edge-connected properties stronger than the maximal edge-
connectivity (i.e., =) for graphs has been the theme of much research. The ﬁrst candidate
may be the so-called super edge-connectivity. For brevity, call a maximally edge-connected
graph a  graph. A graph G is said to be super edge-connected, in short, super-, if each of
its minimum edge-cut isolates a vertex, that is, if F is a set of  edges such that G − F is
disconnected then F is the set of edges incident to a certain vertex ofG. By the deﬁnitions, a
super- graph must be a  graph. However, the converse is not true. For example,Kn×K2
is a  graph by TheoremA but not super- since the set of edges between the two copies of
Kn is a minimum edge-cut which does not isolate any vertex.
The concept of super- was originally introduced by Bauer et al. see [1], where combi-
natorial optimization problems in design of reliable probabilistic graphs were investigated.
The following theorem is a nice result of Tindell, see [9], which characterized super edge-
connectivity for vertex-transitive graphs.
Theorem B. A connected vertex-transitive graph which is neither a complete graph nor a
cycle is super- if and only if it contains no clique Kk where k is the degree of G.
Generally speaking, the parameter  measures only a portion of the complexity of in-
terconnection structure of graphs. The restricted edge-connectivity of a graph G, denoted
by ′, is a new parameter which can be used for the purpose of exploring more complex
interconnection structure of graphs. The concept of the restricted edge-connectivity is one
kind of conditional edge-connectivity proposed by Harary in [5], and has been successfully
applied in the further study of tolerance and reliability of networks, see [3,6,10].
Let F be a set of edges in G. Call F a restricted edge-cut if G − F is disconnected
and every component of G − F has at least two vertices. If G has at least one restricted
edge-cut, the restricted edge-connectivity ofG, denoted by ′ =′(G), is then deﬁned to be
the minimum cardinality over the all restricted edge-cuts of G. Esfahanian and Hakimi [4]
showed that if a connected graphG of order n4 is not a starK1,n−1 then ′ is well-deﬁned
and ′, where =(G) is the minimum edge-degree ofG, that is, the minimum number
of edges adjacent to a certain edge in G. We call G maximally restricted edge-connected,
in short, a ′ graph, if ′ = . Call G super restricted edge-connected, in short, super-′, if
every minimum restricted edge-cut of G isolates an edge, that is, every minimum restricted
edge-cut of G is a set of edges adjacent to a certain edge with minimum edge-degree in G.
By the deﬁnitions, a super-′ graph must be a ′ graph. However, the converse is not true
since there are many ′ graphs not to be super-′. For example,Cl(l6), the cycle of length
l is a trivial counterexample.
It should be pointed out that if 3, then a ′ graph must be super-. In fact, a graphG is
super- if and only if = < ′ [6]. Thus, the concepts of  graph, super- graph, ′ graph
and super-′ graph describe good interconnection structure for graphs at different levels.
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Recently, Xu [11] studied behavior of the parameter ′ for connected vertex-transitive
graphs. The main result in [11] may be restated as follows:
Theorem C. LetG be a connected vertex-transitive graph of order at least 4. ThenG is a
′ graph if its order is odd or it has no triangle.
This paper concerns the super restricted edge-connectivity of connected vertex-transitive
graphs. The main result is
Theorem D. IfG is a connected vertex-transitive graph with degree k > 2 and girth g > 4,
then it is super- ′.
2. Terminology and lemmas
Let A be a subset of V. The subgraph of G induced by A is denoted by G[A]. Setting
A¯=V \A, we rewriteG[A¯] asG−A. For disjoint subsets X andY of V, the subset of edges
of G with one end in X and the other in Y is denoted by [X, Y ]. The number of edges in
[X, X¯] is denoted by d(X). If X = {x}, then d(X) identiﬁes d(x), the usual vertex-degree
of x inG. IfG[X]= e is an edge ofG, then d(X)= d(e) is called the edge-degree of e inG.
Lemma 1 (Lovász [7, p. 45, ex. 48(a)]). LetX and Y be two subsets of vertices ofG. Then
d(X ∩ Y )+ d(X ∪ Y )d(X)+ d(Y ).
Lemma 2. Let G be a connected k-regular graph of order at least 4 and let A be a subset
of vertices of G. If d(A)= ′, then G[A] is connected.
Proof. Suppose that G[A] is disconnected. Let G1, . . . ,Gl(l2) be the components of
G[A]. If each component of G[A] were a single vertex, then
′ = d(A)= lk2k > 2k − 2= ′,
a contradiction. So G[A] has a component, say G1, having at least two vertices. Clearly,
G − V (G1) is not a single vertex since both V \A and A\V (G1) are not empty. If each
component of G− V (G1) were a single vertex, then
2k − 2′ = d(A)d(V (G1))2k,
a contradiction. Let G′ be a component of G − V (G1) which is not a single vertex, then
[V (G′), V¯ (G′)] is a restricted edge-cut of G sinceG−V (G′) is clearly connected and has
at least two vertices. Obviously, we have [V (G′), V¯ (G′)] ⊆ [V (G1), V¯ (G1)] ⊂ [A, A¯]. It
follows that
′ = d(A)>d(V (G1))d(V (G′))′,
a contradiction completing the proof. 
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CallA ⊂ V (G) a ′-fragment ofG if d(A)=′. Note that if A is a ′-fragment, then so is
A¯. Therefore, by Lemma 2, bothG[A] andG[A¯] are connected. Theminimum ′-fragments
are called ′-atoms. Also note that if A is a ′-atom then |A| |V |/2.
Lemma 3. LetG be a connected k-regular graph of order at least 4. ThenG is a ′ graph
if and only if its edges are ′-atoms.
Proof. The sufﬁciency is obvious. To prove the necessity, let G be a ′ graph and e an edge
of G. By the deﬁnition of ′ graph, we have
d(e)= 2k − 2= = ′.
By Lemma 2, e is a ′-fragment. Clearly e is a minimum ′-fragment, i.e., a ′-atom of G.
The necessity follows. 
Excluding all ′-atoms, the smallest ′-fragments with cardinality not larger than |V |/2
in G, if any, are called ′-superatoms. The following lemma is obvious.
Lemma 4. Let G be a k-regular ′ graph. Then G is super-′ if and only if it has no
′-superatoms.
3. The proof of Theorem D
From now on, G is a connected vertex-transitive graph of order n with degree k > 2 and
girth g > 4. According to Theorem C, G is a ′ graph. Suppose that G is not super-′. By
Lemma 4, it has at least one ′-superatom. It follows from the vertex-transitivity of G that
G has at least two distinct ′-superatoms.
Claim 1. Any two of distinct ′-superatoms of G have at most two common vertices.
Proof. LetX andY be two distinct ′-superatoms ofG. SetA=X∩Y ,B=X∩ Y¯ ,C=X¯∩Y
and D = X¯ ∩ Y¯ . Supposing that |A|3, we shall deduce a contradiction. Note that
|D| = n− |X| − |Y | + |A| |A|3.
We ﬁrst claim that d(A)′. In fact, if G[A] is not connected then, by Theorem A,
d(A)2=2k > 2k−2==′; ifG[A] is connected, then [A, A¯] is a restricted edge-cut,
since G[A¯] is also connected (because A¯ = X¯ ∪ Y¯ , both G[X¯] and G[Y¯ ] are connected
and X¯ ∩ Y¯ =D = ∅). Hence d(A)′. Similarly, we can deduce that d(D)′. Now, by
Lemma 1,
2′ = d(X)+ d(Y )d(A)+ d(B)2′.
It follows that
d(A)= d(D)= ′.
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Thus, A is a ′-fragment. Since G is a ′ graph and |A|3, according to Lemma 3, A is not
a ′-atom. By the deﬁnitions of ′-superatom and A, we have
A=X = Y,
which contradicts X = Y . 
Claim 2. G has at least two distinct ′-atoms, say X and Y such that |X ∩ Y |1.
Proof. Let X be a ′-superatom of G. We have
|X|(|X| − 1)
∑
v∈X
dG[X](v)
= k|X| − d(X)
= k|X| − (2k − 2)
= |X|(|X| − 1)− (|X| − k + 1)(|X| − 2).
It follows that |X|k − 1 since |X|3.
Suppose that every two distinct ′-superatoms ofG are disjoint. Then it is an easy exercise
to prove that the subgraph induced by any ′-superatom is also vertex-transitive, therefore
regular. Let t be the degree of G[X]. We have
2(k − 1)= d(X)= |X|(k − t)(k − 1)(k − t),
i.e., 2k − t1, or k − 2 tk − 1.
If t = k − 1, then 2t = 2(k − 1)= d(X)= |X|(k − t)= |X|. Thus,
|E(G[X])| = |X|t/2= |X|2/4.
It follows from a well-known result of Mantel that G[X] either contains a triangle or is
isomorphic to the bipartite graph Kt,t , which contradicts g > 4.
If t = k − 2, then 2(k − 1)= d(X)= |X|(k − t)= 2|X|, i.e., |X| = k − 1. Thus,
|E(G[X])| = |X|t/2= |X|(|X| − 1)/2.
It follows that G[X] is complete, which contradicts g > 4 again. 
Claim 3. Let X and Y be two distinct ′-superatoms of G. Then |X ∩ Y |1.
Proof. Suppose that Claim 3 is false. According to Claim 1, |X ∩ Y | = 2. Deﬁne A, B, C
and D as in Claim 1. We have again
d(A)= d(D)= ′ = 2k − 2.
It follows that A is a ′-atom of G, that is, G[A] is an edge of G.
We claim that either |[A, X¯]| |[A,B]| or |[A, Y¯ ]| |[A,C]|, since otherwise we would
have
|[A,B]| + |[A,C]|> |[A, X¯]| + |[A, Y¯ ]| = |[A,C]| + |[A,D]| + |[A,B]| + |[A,D]|,
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a contradiction. Without loss of generality, we assume that |[A, X¯]| |[A,B]|. Then
d(B)= d(X)− |[A, X¯]| + |[A,B]|′.
If |B|3, no matter whether G[B] is connected or not, we can deduce, as in Claim 1,
that d(B)′. Therefore, d(B) = ′ = 2k − 2. Since B is a proper subset of X and X is a
′-superatom, B must be a ′-atom, i.e., G[B] is an edge of G which contradicts |B|3.
If |B| = 1, then G[X] is either a triangle or a path of length 2 since G[A] is an edge.
Because g > 4, it is a path of length 2. Thus,
′ = d(X)= 3k − 4> 2k − 2= ′,
a contradiction.
If |B|= 2, we have |X|= 4 and |E(G[X])|= [4k− (2k− 2)]/24. It follows thatG[X]
contains a cycle of length not larger than 4, a contradiction again. 
LetX andY be two distinct ′-superatom ofG such thatX∩Y has only one element, say a.
LetB,C andD be deﬁned as in Claim 1. Then either |[a, X¯]| |[a, B]| or |[a, Y¯ ]| |[A,C]|.
Without loss of generality, we assume that |[a, X¯]| |[a, B]|. Thus,
d(B)= d(X)− |[a, X¯]| + |[a, B]|′.
We can deduce as in Claim 3 that |B|2. If |B| = 1, then |X| = 2 which contradicts that X
is a ′-superatom. So, |B| = 2 and |X| = 3. Since g > 4, G[X] is not a triangle, i.e., it is a
path of length 2. It follows that
d(X)= 3k − 4> 2k − 2= d(X),
a contradiction which completes the proof of Theorem D. 
Remark 1. The condition k > 2 in Theorem D cannot be weakened since cycles of length
larger than 5 are clearly not super-′. Also, g > 4 cannot be relaxed as g4 since for l4,
Cl × K2 is a connected vertex-transitive graph with degree k = 3 and girth g = 4 but not
super-′.
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